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Parcijalne derivacije – oznake



Oznake

• Funkcija dvije varijable: z = z(x , y)

• Parcijalna derivacija po varijabli x

zx z ′x
∂z

∂x

• Parcijalna derivacija po varijabli y

zy z ′y
∂z

∂y
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prvi zadatak



Zadatak 1

Odredite parcijalne derivacije sljedećih funkcija:

a) f (x , y) = x2 + y 2

b) g(x , y) = 3x2 + xy +
√
y

c) z =
y

x

Rješenje

a) fx =

2x + 0 = 2x fy = 0 + 2y = 2y

b) gx =

6x + y + 0 = 6x + y gy = 0 + x +
1

2
√
y

= x +
1

2
√
y

c) zx =

y ·
(
−x−2

)
= − y

x2
zy = x−1 · 1 =

1

x

2/24



Zadatak 1

Odredite parcijalne derivacije sljedećih funkcija:
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a) f (x , y) = x2 + y 2

b) g(x , y) = 3x2 + xy +
√
y

c) z =
y

x

Rješenje
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a) f (x , y) = x2 + y 2

b) g(x , y) = 3x2 + xy +
√
y

c) z =
y

x

Rješenje
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Rješenje

a) fx = 2x + 0 = 2x fy = 0 + 2y = 2y

b) gx = 6x + y + 0 = 6x + y gy = 0

+ x +
1

2
√
y

= x +
1

2
√
y

c) zx =

y ·
(
−x−2

)
= − y

x2
zy = x−1 · 1 =

1

x

(xn)′ = nxn−1

(cu)′(x) = c · u′(x)

2/24



Zadatak 1

Odredite parcijalne derivacije sljedećih funkcija:
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a) z = xey b) z = yey +
√
x c) u(x , y) =

2x − y

x + y

Rješenje
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a) z = xey b) z = yey +
√
x c) u(x , y) =

2x − y

x + y

Rješenje
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a) z = xey b) z = yey +
√
x c) u(x , y) =

2x − y

x + y

Rješenje
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a) z = xey b) z = yey +
√
x c) u(x , y) =

2x − y

x + y

Rješenje
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Rješenje

a) zx = ey · 1 = ey zy = x · ey = xey

b) zx = 0 +
1

2
√
x

=
1

2
√
x

zy = 1 · ey + y · ey + 0 = (1 + y)ey

c) ux =
2 · (x + y)− (2x − y) · 1

(x + y)2
=

3y

(x + y)2

uy =

−1 · (x + y)− (2x − y) · 1

(x + y)2

=

−3x

(x + y)2

(cu)′(x) = c · u′(x)

(ex)′ = ex

(√
x
)′

=
1

2
√
x

(uv)′(x) = u′(x) · v(x) + u(x) · v ′(x)

(u
v

)′
(x) =

u′(x) · v(x)− u(x) · v ′(x)

v(x)2

3/24



Zadatak 2

Odredite parcijalne derivacije sljedećih funkcija:
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Rješenje

a) zx = ey · 1 = ey zy = x · ey = xey

b) zx = 0 +
1

2
√
x

=
1

2
√
x

zy = 1 · ey + y · ey + 0 = (1 + y)ey

c) ux =
2 · (x + y)− (2x − y) · 1

(x + y)2
=

3y

(x + y)2

uy =
−1

· (x + y)− (2x − y) · 1

(x + y)2

=

−3x

(x + y)2

(cu)′(x) = c · u′(x)

(ex)′ = ex

(√
x
)′

=
1

2
√
x

(uv)′(x) = u′(x) · v(x) + u(x) · v ′(x)

(u
v

)′
(x) =

u′(x) · v(x)− u(x) · v ′(x)

v(x)2

3/24



Zadatak 2

Odredite parcijalne derivacije sljedećih funkcija:
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a) z = xey b) z = yey +
√
x c) u(x , y) =

2x − y

x + y

Rješenje
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Zadatak 3

Odredite parcijalne derivacije sljedećih funkcija:

a) z(x , y) = (x + 2y)ex
2+y3

b) z =
x√

x2 + y 2

c) z = 2sin
y
x

d) z = xy
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Rješenje

a) zx = (x + 2y)′x · ex
2+y3

+ (x + 2y) ·
(
ex

2+y3)′
x

=

= 1 · ex2+y3

+ (x + 2y)ex
2+y3 · (x2 + y 3)′x =

= ex
2+y3

+ (x + 2y)ex
2+y3 · 2x =

= ex
2+y3

+ (2x2 + 4xy)ex
2+y3

= (

2x2 + 4xy + 1

)ex
2+y3

zy = (x + 2y)′y · ex
2+y3

+ (x + 2y) ·
(
ex

2+y3)′
y

=

= 2 · ex2+y3

+ (x + 2y)ex
2+y3 · (x2 + y 3)′y =

= 2ex
2+y3

+ (x + 2y)ex
2+y3 · 3y 2 =

= 2ex
2+y3

+ (3xy 2 + 6y 3)ex
2+y3

= (

3xy 2 + 6y 3 + 2

)ex
2+y3

(uv)′(x) = u′(x) · v(x) + u(x) · v ′(x) z = (x + 2y)ex
2+y3 5/24



Rješenje
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Rješenje

a) zx = (x + 2y)′x · ex
2+y3

+ (x + 2y) ·
(
ex

2+y3)′
x

=

= 1 · ex2+y3

+ (x + 2y)ex
2+y3 · (x2 + y 3)′x =

= ex
2+y3

+ (x + 2y)ex
2+y3 ·

2x =

= ex
2+y3

+ (2x2 + 4xy)ex
2+y3

= (

2x2 + 4xy + 1

)ex
2+y3

zy = (x + 2y)′y · ex
2+y3

+ (x + 2y) ·
(
ex

2+y3)′
y

=

= 2 · ex2+y3

+ (x + 2y)ex
2+y3 · (x2 + y 3)′y =

= 2ex
2+y3

+ (x + 2y)ex
2+y3 · 3y 2 =

= 2ex
2+y3

+ (3xy 2 + 6y 3)ex
2+y3

= (

3xy 2 + 6y 3 + 2

)ex
2+y3

(uv)′(x) = u′(x) · v(x) + u(x) · v ′(x) z = (x + 2y)ex
2+y3
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5/24



Rješenje

a) zx = (x + 2y)′x · ex
2+y3

+ (x + 2y) ·
(
ex

2+y3)′
x

=

= 1 · ex2+y3

+ (x + 2y)ex
2+y3 · (x2 + y 3)′x =

= ex
2+y3

+ (x + 2y)ex
2+y3 · 2x =

= ex
2+y3

+ (2x2 + 4xy)ex
2+y3

= (2x2 + 4xy + 1)ex
2+y3

zy = (x + 2y)′y · ex
2+y3

+ (x + 2y) ·
(
ex

2+y3)′
y

=

= 2 · ex2+y3

+ (x + 2y)

ex
2+y3 · (x2 + y 3)′y =

= 2ex
2+y3

+ (x + 2y)ex
2+y3 · 3y 2 =

= 2ex
2+y3

+ (3xy 2 + 6y 3)ex
2+y3

= (

3xy 2 + 6y 3 + 2

)ex
2+y3

(uv)′(x) = u′(x) · v(x) + u(x) · v ′(x) z = (x + 2y)ex
2+y3
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· (nešto)′

6/24



b)
zx =

(x)′x ·
√

x2 + y 2 − x ·
(√

x2 + y 2
)′
x√

x2 + y 2
2 =

=

1 ·
√

x2 + y 2 − x · 1

2
√

x2 + y 2
· (x2 + y 2)′x

x2 + y 2
=

=

√
x2 + y 2 − x

2
√

x2 + y 2
· 2x

x2 + y 2
=

√
x2 + y 2 − x2√

x2 + y 2

x2 + y 2
=

=

x2 + y 2 − x2

(x2 + y 2)
√

x2 + y 2

=

y 2

(x2 + y 2)
3
2

(u
v

)′
(x) =

u′(x) · v(x)− u(x) · v ′(x)

v(x)2

z =
x√

x2 + y 2

(√
x
)′

=
1

2
√
x

(√
nešto
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· (nešto)′

7/24



zy =
(x)′y ·

√
x2 + y 2 − x ·

(√
x2 + y 2

)′
y√

x2 + y 2
2 =

=

0 ·
√

x2 + y 2 − x · 1

2
√

x2 + y 2
· (x2 + y 2)′y

x2 + y 2
=

=

− x

2
√

x2 + y 2
· 2y

x2 + y 2
=

−xy√
x2 + y 2

x2 + y 2

=

=

−xy
(x2 + y 2)

√
x2 + y 2

=

−xy
(x2 + y 2)

3
2

(u
v

)′
(x) =

u′(x) · v(x)− u(x) · v ′(x)

v(x)2

z =
x√

x2 + y 2

(√
x
)′

=
1

2
√
x

(√
nešto

)′
=

1

2
√

nešto
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· (nešto)′

7/24



zy =
(x)′y ·

√
x2 + y 2 − x ·

(√
x2 + y 2

)′
y√

x2 + y 2
2 =

=

0 ·
√

x2 + y 2 − x · 1

2
√

x2 + y 2
· (x2 + y 2)′y

x2 + y 2
=

=

− x

2
√

x2 + y 2
· 2y

x2 + y 2
=

−xy√
x2 + y 2

x2 + y 2
=

=
−xy

(x2 + y 2)
√

x2 + y 2
=

−xy
(x2 + y 2)

3
2

(u
v

)′
(x) =

u′(x) · v(x)− u(x) · v ′(x)

v(x)2

z =
x√

x2 + y 2

(√
x
)′

=
1

2
√
x

(√
nešto
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8/24



c) zx = 2sin
y
x ln 2 ·

(
sin

y

x

)′
x

= 2sin
y
x ln 2 · cos

y

x
·
(y
x

)′
x

=

= 2sin
y
x ln 2 · cos

y

x
· −y
x2

= − y

x2
· 2sin

y
x ln 2 · cos

y

x

zy = 2sin
y
x ln 2 ·

(
sin

y

x

)′
y

= 2sin
y
x ln 2 · cos

y

x
·
(y
x

)′
y

=

= 2sin
y
x ln 2 · cos

y

x
· 1

x
=

1

x
· 2sin

y
x ln 2 · cos

y

x

d) zx

= yxy−1 zy = xy ln x
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y
x
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y
x
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četvrti zadatak



Zadatak 4

Izračunajte vrijednosti parcijalnih derivacija funkcije

f (x , y , z) = e2xz − ln (yz) + 1

u točki (0, 2, 1).

Rješenje

fx =

e2xz · (2xz)′x − 0 + 0 = e2xz · 2z = 2ze2xz

fy = 0− 1

yz
· (yz)′y + 0 = − 1

yz
· z = − 1

y

fz = e2xz · (2xz)′z −
1

yz
· (yz)′z + 0 = e2xz · 2x − 1

yz
· y = 2xe2xz − 1

z

fx(0, 2, 1) = 2 · 1 · e2·0·1 = 2e0 = 2 fy (0, 2, 1) = − 1

2

fz(0, 2, 1) = 2 · 0 · e2·0·1 − 1

1
= 0 · e0 − 1 = −1
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u točki (0, 2, 1).

Rješenje
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Rješenje

fx = e2xz · (2xz)′x − 0 + 0 = e2xz ·

2z = 2ze2xz

fy = 0− 1

yz
· (yz)′y + 0 = − 1

yz
· z = − 1

y

fz = e2xz · (2xz)′z −
1

yz
· (yz)′z + 0 = e2xz · 2x − 1

yz
· y = 2xe2xz − 1

z

fx(0, 2, 1) = 2 · 1 · e2·0·1 = 2e0 = 2 fy (0, 2, 1) = − 1

2

fz(0, 2, 1) = 2 · 0 · e2·0·1 − 1

1
= 0 · e0 − 1 = −1
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Rješenje

fx = e2xz · (2xz)′x − 0 + 0 = e2xz · 2z

= 2ze2xz

fy = 0− 1

yz
· (yz)′y + 0 = − 1

yz
· z = − 1

y

fz = e2xz · (2xz)′z −
1

yz
· (yz)′z + 0 = e2xz · 2x − 1

yz
· y = 2xe2xz − 1

z

fx(0, 2, 1) = 2 · 1 · e2·0·1 = 2e0 = 2 fy (0, 2, 1) = − 1

2

fz(0, 2, 1) = 2 · 0 · e2·0·1 − 1

1
= 0 · e0 − 1 = −1
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)′
=

1

nešto
· (nešto)′
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Izračunajte vrijednosti parcijalnih derivacija funkcije

f (x , y , z) = e2xz − ln (yz) + 1
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(enešto)′ = enešto · (nešto)′

9/24



Zadatak 4
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)′
=

1

nešto
· (nešto)′
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Rješenje

fx = e2xz · (2xz)′x − 0 + 0 = e2xz · 2z = 2ze2xz

fy = 0− 1

yz
· (yz)′y + 0 = − 1

yz
· z = − 1

y

fz = e2xz · (2xz)′z −
1

yz
· (yz)′z + 0 = e2xz · 2x − 1

yz
· y = 2xe2xz − 1

z

fx(0, 2, 1) = 2 · 1 · e2·0·1

= 2e0 = 2 fy (0, 2, 1) = − 1

2

fz(0, 2, 1) = 2 · 0 · e2·0·1 − 1

1
= 0 · e0 − 1 = −1

(ex)′ = ex

(ln x)′ =
1

x

(
ln (nešto)
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nešto
· (nešto)′
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Parcijalne derivacije drugog reda

– oznake



Parcijalne derivacije drugog reda – oznake

• Funkcija dvije varijable: z = z(x , y)

zxx z ′xx
∂2z

∂x2

zxy z ′xy
∂2z

∂x∂y

zyx z ′yx
∂2z

∂y∂x

zyy z ′yy
∂2z

∂y 2

10/24
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Zadatak 5

Odredite parcijalne derivacije drugog reda funkcije z(x , y) = y 2 · 2x .

Rješenje

zx =

y 2 · 2x ln 2

zy = 2x · 2y = y · 2x+1

zxx = (zx)x = y 2 ln 2 · 2x ln 2 = y 2 · 2x ln2 2

zxy = (zx)y = 2x ln 2 · 2y = y · 2x+1 ln 2

zyx = (zy )x = y · 2x+1 ln 2 · (x + 1)′x = y · 2x+1 ln 2

zyy = (zy )y = 2x+1 · 1 = 2x+1
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Rješenje

zx = y 2 · 2x ln 2

zy = 2x · 2y = y · 2x+1

zxx = (zx)x = y 2 ln 2 · 2x ln 2 = y 2 · 2x ln2 2

zxy = (zx)y = 2x ln 2 · 2y = y · 2x+1 ln 2

zyx = (zy )x = y ·

2x+1 ln 2 · (x + 1)′x = y · 2x+1 ln 2

zyy = (zy )y = 2x+1 · 1 = 2x+1

(ax)′ = ax ln a

(xn)′ = nxn−1

11/24



Zadatak 5

Odredite parcijalne derivacije drugog reda funkcije z(x , y) = y 2 · 2x .

Rješenje
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Zadana je funkcija f (x , y , z) = z · y x . Odredite
∂3f

∂x∂y∂z
.
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y
= xzy x−1 ln y + zy x−1

fxyz = (fxy )z = xy x−1 ln y + y x−1

∂3f
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sedmi zadatak



Zadatak 7

Odredite lokalne ekstreme funkcije f (x , y) = 80− y 2 + x3 + 12y − 3x .

Rješenje

fx =

3x2 − 3

fy = −2y + 12

3x2 − 3 = 0 x2 = 1 x1 = 1, x2 = −1

−2y + 12 = 0 y = 6

Stacionarne točke: (1, 6), (−1, 6)

fxx = 6x , fxy = 0, fyy = −2
H(x , y) =

∣∣∣∣∣fxx fxy
fxy fyy

∣∣∣∣∣ =

∣∣∣∣∣6x 0

0 −2

∣∣∣∣∣
H(1, 6) =

∣∣∣∣∣6 0

0 −2

∣∣∣∣∣ = −12 < 0 sedlasta točka

H(−1, 6) =

∣∣∣∣∣−6 0

0 −2

∣∣∣∣∣ = 12 > 0 točka lokalnog maksimuma

f (−1, 6) = 80− 62 + (−1)3 + 12 · 6− 3 · (−1) = 118
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Rješenje

fx = 3x2 − 3

fy = −2y + 12

3x2 − 3 = 0 x2 = 1 x1 = 1, x2 = −1

−2y + 12 = 0 y = 6

Stacionarne točke:
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∣∣∣∣∣ = 12 > 0 točka lokalnog maksimuma

f (−1, 6) = 80− 62 + (−1)3 + 12 · 6− 3 · (−1) = 118

x1 y x2 y

13/24



Zadatak 7

Odredite lokalne ekstreme funkcije f (x , y) = 80− y 2 + x3 + 12y − 3x .

Rješenje
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H(−1, 6) =

∣∣∣∣∣−6 0

0 −2
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Rješenje

fx = 3x2 − 3

fy = −2y + 12

3x2 − 3 = 0 x2 = 1 x1 = 1, x2 = −1

−2y + 12 = 0 y = 6
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H(−1, 6) =

∣∣∣∣∣−6 0

0 −2

∣∣∣∣∣ = 12 > 0
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H(−1, 6) =

∣∣∣∣∣−6 0

0 −2
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Zadatak 8

Odredite lokalne ekstreme funkcije

z(x , y) =
8

x
+

x

y
+ y .

Rješenje

• x 6= 0, y 6= 0

zx = −8x−2 + y−1

zy = −xy−2 + 1

−8x−2 + y−1 = 0

−xy−2 + 1 = 0
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16/24



−8x−2 + y−1 = 0

−xy−2 + 1 = 0

− 8

x2
+

1

y
= 0

− x

y 2
+ 1 = 0

−8y + x2

x2y
= 0

−x +

y 2

y 2

= 0

−8y + x2 = 0

−x + y 2 = 0

−8y +
(
y 2
)2

= 0

−8y + y 4 = 0

y
(
y 3 − 8

)
= 0

y = 0 y 3 − 8 = 0

y = 2

Stacionarna točka: (4, 2)
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x = y 2

16/24



−8x−2 + y−1 = 0

−xy−2 + 1 = 0

− 8

x2
+

1

y
= 0

− x

y 2
+ 1 = 0

−8y + x2

x2y
= 0

−x + y 2

y 2
= 0

−8y + x2 = 0

−x + y 2 = 0

−8y +
(
y 2
)2

= 0

−8y + y 4 = 0

y
(
y 3 − 8

)
= 0

y = 0 y 3 − 8 = 0

y = 2

Stacionarna točka: (4, 2)
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deveti zadatak



Zadatak 9

Odredite ekstreme funkcije z(x , y) = exy uz uvjet x + y = 4.

Rješenje

x + y = 4

=⇒ y = 4− x

z(x , 4− x) = ex ·(4−x) = e4x−x2
f (x) = e4x−x2

f ′(x) = e4x−x2 · (4x − x2)′ = (4− 2x)e4x−x2

(4− 2x)e4x−x2

= 0

4− 2x = 0

x = 2

f ′ + −
f ↗ ↘

y = 4− x = 4− 2 = 2 y = 2 stacionarna točka: (2, 2)

Funkcija z postiže globalni maksimum uz uvjet x + y = 4 u točki (2, 2)

i taj maksimum je jednak z(2, 2) = e4.
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Funkcija z postiže globalni maksimum uz uvjet x + y = 4 u točki (2, 2)
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Funkcija z postiže globalni maksimum uz uvjet x + y = 4 u točki (2, 2)
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i taj maksimum je jednak z(2, 2) = e4.

x y

globalni maksimum

f (2) = e4

20/24



−4
−2

0
2

4

−4 −2 0
2

4

0

50

100

150

uvjetni

maksimum

xy

z

21/24



deseti zadatak



Zadatak 10

Odredite ekstreme funkcije f (x , y) = − x − y uz uvjet x2 + y 2 = 2.

Rješenje

x2 + y 2 = 2

x2 + y 2 − 2 = 0

• Lagrangeova funkcija

L(x , y , λ) = funkcija + λ · uvjet

L(x , y , λ) = −x − y + λ
(
x2 + y 2 − 2

)

• Parcijalne derivacije Lagrangeove funkcije

Lx =

−1 + 2λx −1 + 2λx = 0

Ly = −1 + 2λy −1 + 2λy = 0

Lλ = x2 + y 2 − 2 x2 + y 2 − 2 = 0
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• Neprekidna funkcija na kompaktnom skupu (konkretno, omedenoj

krivulji) postiže globalni minimum i globalni maksimum.

f (1, 1) = −1− 1 = −2

f (−1,−1) = − (−1)− (−1) = 2
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krivulji) postiže globalni minimum i globalni maksimum.

f (1, 1) = −1− 1 = −2

f (−1,−1) = − (−1)− (−1) = 2

x1 y1 x2 y2

minimum

f (x , y) = −x − y
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