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prvi zadatak



Determinante

Zadatak 1

Izračunajte sljedeće determinante:

a)

∣∣∣∣∣2 5

1 −3

∣∣∣∣∣, b)

∣∣∣∣∣2 −5

1 −3

∣∣∣∣∣, c)

∣∣∣∣∣x − a −a
a x + a

∣∣∣∣∣.
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Rješenje

∣∣∣∣∣2 5

1 −3

∣∣∣∣∣ =

2 · (−3)− 1 · 5 = −6− 5 = −11

∣∣∣∣∣2 −5

1 −3

∣∣∣∣∣ = 2 · (−3)− 1 · (−5) = −6 + 5 = −1

∣∣∣∣∣x − a −a
a x + a

∣∣∣∣∣ = (x − a)(x + a)− a · (−a) = x2 − a2 + a2 = x2

∣∣∣∣∣a b

c d

∣∣∣∣∣ = ad − bc
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drugi zadatak



Zadatak 2

Izračunajte determinantu ∣∣∣∣∣∣∣
9 4 −5

8 7 −2

2 −1 8

∣∣∣∣∣∣∣
a) Sarrusovim pravilom,

b) svodenjem na trokutastu determinantu,

c) Laplaceovim razvojem po trećem stupcu,

d) Laplaceovim razvojem po prvom retku.
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Rješenje

a)

9 4 −5

8 7 −2

2 −1 8
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Rješenje

a)

9 4 −5 9

8 7 −2 8

2 −1 8 2
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Rješenje

a)

9 4 −5 9 4

8 7 −2 8 7

2 −1 8 2 −1
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Rješenje

a)

9 4 −5 9 4

8 7 −2 8 7 =

2 −1 8 2 −1
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Rješenje

a)

9 4 −5 9 4

8 7 −2 8 7 =

2 −1 8 2 −1
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Rješenje

a)

9 4 −5 9 4

8 7 −2 8 7 =

2 −1 8 2 −1

= 9 · 7 · 8

+ 4 · (−2) · 2 + (−5) · 8 · (−1)− 2 · 7 · (−5) −
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Rješenje

a)
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Rješenje

a)
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Rješenje

a)

9 4 −5 9 4

8 7 −2 8 7 =

2 −1 8 2 −1

= 9 · 7 · 8 + 4 · (−2) · 2

+ (−5) · 8 · (−1)− 2 · 7 · (−5) −

4 / 18



Rješenje
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Rješenje

a)

9 4 −5 9 4

8 7 −2 8 7 =

2 −1 8 2 −1

= 9 · 7 · 8 + 4 · (−2) · 2 + (−5) · 8 · (−1)− 2 · 7 · (−5) −

− (−1) · (−2) · 9

− 8 · 8 · 4 =

4 / 18



Rješenje

a)

9 4 −5 9 4

8 7 −2 8 7 =

2 −1 8 2 −1

= 9 · 7 · 8 + 4 · (−2) · 2 + (−5) · 8 · (−1)− 2 · 7 · (−5) −

− (−1) · (−2) · 9

− 8 · 8 · 4 =

4 / 18



Rješenje
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b)

∣∣∣∣∣∣∣
9 4 −5

8 7 −2

2 −1 8

∣∣∣∣∣∣∣

= −

∣∣∣∣∣∣∣

2 −1 8

8 7 −2

9 4 −5

∣∣∣∣∣∣∣ =

∣∣∣∣∣∣∣

−1 2 8

7 8 −2

4 9 −5

∣∣∣∣∣∣∣ =

=

∣∣∣∣∣∣∣

−1 2 8

0 22 54

0 17 27

∣∣∣∣∣∣∣ =

∣∣∣∣∣∣∣

−1 2 8

0 22 54

0 0 −162
11

∣∣∣∣∣∣∣ = −1 · 22 · −162

11
= 324
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treći zadatak



Zadatak 3

Izračunajte determinantu ∣∣∣∣∣∣∣∣∣
2 −5 1 2

−3 7 −1 4

5 −9 2 7

4 −6 1 2

∣∣∣∣∣∣∣∣∣ .
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Rješenje∣∣∣∣∣∣∣∣∣
2 −5 1 2

−3 7 −1 4

5 −9 2 7

4 −6 1 2

∣∣∣∣∣∣∣∣∣ =

−

∣∣∣∣∣∣∣∣∣

1 −5 2 2

−1 7 −3 4

2 −9 5 7

1 −6 4 2

∣∣∣∣∣∣∣∣∣ =

= −

∣∣∣∣∣∣∣∣∣

1 −5 2 2

0 2 −1 6

0 1 1 3

0 −1 2 0

∣∣∣∣∣∣∣∣∣ =

∣∣∣∣∣∣∣∣∣

1 2 −5 2

0 −1 2 6

0 1 1 3

0 2 −1 0

∣∣∣∣∣∣∣∣∣ =

=

∣∣∣∣∣∣∣∣∣

1 2 −5 2

0 −1 2 6

0 0 3 9

0 0 3 12

∣∣∣∣∣∣∣∣∣ =

∣∣∣∣∣∣∣∣∣

1 2 −5 2

0 −1 2 6

0 0 3 9

0 0 0 3

∣∣∣∣∣∣∣∣∣ = 1 · (−1) · 3 · 3 =

1. način: svodenje na trokutastu matricu
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1. način: svodenje na trokutastu matricu

9 / 18
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1. način: svodenje na trokutastu matricu

/· 1 /· (−2) /· (−1)

+
+

+

9 / 18
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1. način: svodenje na trokutastu matricu

/· 1 /· (−2) /· (−1)

+
+

+

9 / 18
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Rješenje∣∣∣∣∣∣∣∣∣
2 −5 1 2

−3 7 −1 4

5 −9 2 7

4 −6 1 2

∣∣∣∣∣∣∣∣∣ = −

∣∣∣∣∣∣∣∣∣
1 −5 2 2

−1 7 −3 4

2 −9 5 7

1 −6 4 2

∣∣∣∣∣∣∣∣∣ =

= −

∣∣∣∣∣∣∣∣∣
1 −5 2 2

0 2 −1 6

0 1 1 3

0 −1 2 0

∣∣∣∣∣∣∣∣∣ =

∣∣∣∣∣∣∣∣∣

1

2 −5

2

0

−1 2

6

0

1 1

3

0

2 −1

0

∣∣∣∣∣∣∣∣∣

=

=

∣∣∣∣∣∣∣∣∣

1 2 −5 2

0 −1 2 6

0 0 3 9

0 0 3 12

∣∣∣∣∣∣∣∣∣ =

∣∣∣∣∣∣∣∣∣

1 2 −5 2

0 −1 2 6

0 0 3 9

0 0 0 3

∣∣∣∣∣∣∣∣∣ = 1 · (−1) · 3 · 3 =
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1. način: svodenje na trokutastu matricu

/· 1 /· (−2) /· (−1)

+
+

+

9 / 18
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1. način: svodenje na trokutastu matricu

/· 1 /· (−2) /· (−1)

+
+

+

9 / 18
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1. način: svodenje na trokutastu matricu

/· 1 /· (−2) /· (−1)

+
+

+

/· 1 /· 2
+

+

9 / 18
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2. način: Laplaceov razvoj, npr. po 3. retku

10 / 18



∣∣∣∣∣∣∣∣∣
2 −5 1 2

−3 7 −1 4

5 −9 2 7

4 −6 1 2

∣∣∣∣∣∣∣∣∣ = 5 · A31 + (−9) · A32 +

2 · A33 + 7 · A34 =

= 5 · (−1)3+1

∣∣∣∣∣∣∣
−5 1 2

7 −1 4

−6 1 2

∣∣∣∣∣∣∣+ (−9) · (−1)3+2

∣∣∣∣∣∣∣
2 1 2

−3 −1 4

4 1 2

∣∣∣∣∣∣∣+

+ 2 · (−1)3+3

∣∣∣∣∣∣∣
2 −5 2

−3 7 4

4 −6 2

∣∣∣∣∣∣∣+ 7 · (−1)3+4

∣∣∣∣∣∣∣
2 −5 1

−3 7 −1

4 −6 1

∣∣∣∣∣∣∣ = · · · = −9
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2. način: Laplaceov razvoj, npr. po 3. retkuAij = (−1)i+jMij

10 / 18



∣∣∣∣∣∣∣∣∣
2 −5 1 2

−3 7 −1 4

5 −9 2 7

4 −6 1 2

∣∣∣∣∣∣∣∣∣ = 5 · A31 + (−9) · A32 + 2 · A33 + 7 · A34 =

= 5 · (−1)3+1

∣∣∣∣∣∣∣
−5 1 2

7 −1 4

−6 1 2

∣∣∣∣∣∣∣+ (−9) · (−1)3+2

∣∣∣∣∣∣∣
2 1 2

−3 −1 4

4 1 2

∣∣∣∣∣∣∣+

+ 2 · (−1)3+3

∣∣∣∣∣∣∣
2 −5 2

−3 7 4

4 −6 2

∣∣∣∣∣∣∣+ 7 ·

(−1)3+4

∣∣∣∣∣∣∣
2 −5 1

−3 7 −1

4 −6 1

∣∣∣∣∣∣∣ = · · · = −9
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3. način: svojstva determinanti i Laplaceov razvoj

/· 1 /· (−2) /· (−1)

+
+

+

11 / 18



∣∣∣∣∣∣∣∣∣
2 −5 1 2

−3 7 −1 4

5 −9 2 7

4 −6 1 2

∣∣∣∣∣∣∣∣∣ =

∣∣∣∣∣∣∣∣∣
2 −5 1 2

−1 2 0 6

1 1 0

3

2 −1 0 0

∣∣∣∣∣∣∣∣∣

=

= 1 · A13 + 0 · A23 + 0 · A33 + 0 · A43 = 1 · A13 =

= 1 · (−1)1+3

∣∣∣∣∣∣∣
−1 2 6

1 1 3

2 −1 0

∣∣∣∣∣∣∣ = 1 · 1 · (−9) = −9
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3. način: svojstva determinanti i Laplaceov razvoj

/· 1 /· (−2) /· (−1)

+
+

+

11 / 18



∣∣∣∣∣∣∣∣∣
2 −5 1 2

−3 7 −1 4

5 −9 2 7

4 −6 1 2

∣∣∣∣∣∣∣∣∣ =

∣∣∣∣∣∣∣∣∣
2 −5 1 2

−1 2 0 6

1 1 0 3

2 −1 0 0

∣∣∣∣∣∣∣∣∣ =

= 1 · A13 + 0 · A23

+ 0 · A33 + 0 · A43 = 1 · A13 =

= 1 · (−1)1+3

∣∣∣∣∣∣∣
−1 2 6

1 1 3

2 −1 0

∣∣∣∣∣∣∣ = 1 · 1 · (−9) = −9
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3. način: svojstva determinanti i Laplaceov razvoj

/· 5
/· (−2)

/· (−2)

+
+ +

12 / 18



∣∣∣∣∣∣∣∣∣
2 −5 1 2

−3 7 −1 4

5 −9 2 7

4 −6 1 2

∣∣∣∣∣∣∣∣∣ =

∣∣∣∣∣∣∣∣∣
0 0 1 0

−1 2 −1 6

1 1 2

3

2 −1 1

0

∣∣∣∣∣∣∣∣∣

=

= 0 · A11 + 0 · A12 + 1 · A13 + 0 · A14 = 1 · A13 =

= 1 · (−1)1+3

∣∣∣∣∣∣∣
−1 2 6

1 1 3

2 −1 0

∣∣∣∣∣∣∣ = 1 · 1 · (−9) = −9
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3. način: svojstva determinanti i Laplaceov razvoj

/· 5
/· (−2)

/· (−2)

+
+ +

12 / 18



∣∣∣∣∣∣∣∣∣
2 −5 1 2

−3 7 −1 4

5 −9 2 7

4 −6 1 2

∣∣∣∣∣∣∣∣∣ =

∣∣∣∣∣∣∣∣∣
0 0 1 0

−1 2 −1 6

1 1 2 3

2 −1 1 0

∣∣∣∣∣∣∣∣∣ =

= 0 · A11 + 0 · A12 + 1 · A13 + 0 · A14

= 1 · A13 =

= 1 · (−1)1+3

∣∣∣∣∣∣∣
−1 2 6

1 1 3

2 −1 0

∣∣∣∣∣∣∣ = 1 · 1 · (−9) = −9
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3. način: svojstva determinanti i Laplaceov razvojAij = (−1)i+jMij

/· 5
/· (−2)

/· (−2)

+
+ +

12 / 18



∣∣∣∣∣∣∣∣∣
2 −5 1 2

−3 7 −1 4

5 −9 2 7

4 −6 1 2

∣∣∣∣∣∣∣∣∣ =

∣∣∣∣∣∣∣∣∣
0 0 1 0

−1 2 −1 6

1 1 2 3

2 −1 1 0

∣∣∣∣∣∣∣∣∣ =

= 0 · A11 + 0 · A12 + 1 · A13 + 0 · A14 = 1 · A13 =

= 1 · (−1)1+3

∣∣∣∣∣∣∣
−1 2 6

1 1 3

2 −1 0

∣∣∣∣∣∣∣ = 1 · 1 · (−9) = −9
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četvrti zadatak



Zadatak 4

Zadana je matrica

A =

4 + x 2 2

7 x − 1 2

x + 1 5 5

.
a) Odredite sve x ∈ R za koje je detA = 0.

b) Za x = −1 izračunajte

det
(
AT
)

+ 5 det
(
A3
)
− 2 det

(
1
2
A
)
.
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Rješenje

a)

4 + x 2 2 4 + x 2

7 x − 1 2 7 x − 1 =

x + 1 5 5 x + 1 5

= (4 + x) · (x − 1) · 5 + 2 · 2 · (x + 1)

+ 2 · 7 · 5 −

14 / 18



Rješenje
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Zadatak 5

Neka su A i B kvadratne matrice reda 4 pri čemu je detA = 1
2

i

detB = −1. Odredite:

a) det
(
A5AT

)
b) det

(
BT · 2A

)T
c) det

(
2AB

)3

17 / 18



Rješenje
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Rješenje

a)
det
(
A5AT

)
= det

(
A5
)
· det

(
AT
)

=
(

detA
)5 · detA =

=
(

detA
)6

=
(

1
2

)6

= 1
64

b)
det
(
BT · 2A

)T
= det

(
BT · 2A

)
= det

(
BT
)
· det (2A) =

= detB · 24 detA = 16 detA detB = 16 · 1
2
· (−1) = −8

c)
det
(
2AB

)3
=

(
det (2AB)

)3
=
(

24 det (AB)

)3
=

=
(

16 detA detB

)3
=
(

16 · 1
2
· (−1)

)3

= (−8)3 = −512

det (kA) = kn detA n je red kvadratne matrice A

det (AB) = detA detB det (Am) = (detA)m

18 / 18



Rješenje
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