Seminari 9

MATEMATICKE METODE ZA INFORMATICARE

Damir Horvat

FOI, Varazdin



prvi zadatak
Linearni operator
drugi zadatak
tre¢i zadatak

Domaca zadada
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prvi zadatak



Zadatak 1
U vektorskom prostoru R3 zadane su dvije baze
By ={(1,2,-1), (0,2,0), (1,1,1)},
B> ={(0,2,1), (2,2,0), (1,-1,1)}.
Vektor v € R® u bazi By ima koordinate (3, —1,2).

a) Odredite koordinate vektora v u kanonskoj bazi vektorskog
prostora R3,

b) Odredite matricu prijelaza iz baze B, u bazu By i pomocu nje
odredite koordinate vektora v u bazi B5.
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Rjesenje By = {(1,27 -1), (0,2,0), (1,1, 1)}
a) B, ={(0,2,1), (2,2,0), (1,-1,1)}
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Rjesenje By = {(1,27 -1), (0,2,0), (1,1, 1)}
a) v=(3,-1,2) B, ={(0,2,1), (2,2,0), (1,-1,1)}
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Rjeenje By ={(1,2,-1), (0,2,0), (1,1,1)}
a) V= (3,-1,2), B, =1{(0,2,1), (2,2,0), (1,-1,1)}
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Rjesenje By = {(1,27 -1), (0,2,0), (1,1, 1)}
a) Vv=(3,-1,2)p B, = {(0,2,1), (2,2,0), (1,~1,1)}
Bian = {(1,0,0), (0,1,0), (0,0,1)}
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Rjeenje By ={(1,2,-1), (0,2,0), (1,1,1)}
a) V= (3,-1,2), B, =1{(0,2,1), (2,2,0), (1,-1,1)}

Bkan = {(17070)7 (07 170)7 (07 07 1)}
1. nadin
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Rjesenje By = {(1,27 -1), (0,2,0), (1,1, 1)}
a) Vv=(3,-1,2)p B, = {(0,2,1), (2,2,0), (1,~1,1)}
Bian = {(1,0,0), (0,1,0), (0,0,1)}
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Rjesenje By = {(1,27 -1), (0,2,0), (1,1, 1)}
a) Vv=(3,-1,2)p B, = {(0,2,1), (2,2,0), (1,~1,1)}
Bian = {(1,0,0), (0,1,0), (0,0,1)}

v=(3,-1,2) =3-(1,2,-1)
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Rjesenje By = {(1,27 -1), (0,2,0), (1,1, 1)}
a) Vv=(3,-1,2)p B, = {(0,2,1), (2,2,0), (1,~1,1)}
Bian = {(1,0,0), (0,1,0), (0,0,1)}

v=(3,-1,2) =3-(1,2,—1) +
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Rjesenje By = {(1,27 -1), (0,2,0), (1,1, 1)}
a) Vv=(3,-1,2)p B, = {(0,2,1), (2,2,0), (1,~1,1)}
Bian = {(1,0,0), (0,1,0), (0,0,1)}

v =(3,-1,2) =3-(1,2,—1)+ (=1) - (0,2,0)
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Rjesenje By = {(1,27 -1), (0,2,0), (1,1, 1)}
a) Vv=(3,-1,2)p B, = {(0,2,1), (2,2,0), (1,~1,1)}
Bian = {(1,0,0), (0,1,0), (0,0,1)}

V=(3,-1,2) =3-(1,2,—1) + (=1) - (0,2,0) +
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Rjesenje By = {(1,27 -1), (0,2,0), (1,1, 1)}
a) Vv=(3,-1,2)p B, = {(0,2,1), (2,2,0), (1,~1,1)}
Bian = {(1,0,0), (0,1,0), (0,0,1)}

v=(3,-1,2)5 =3-(1,2,-1) +(=1) - (0,2,0) +2- (1,1,1)
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Rjeenje By ={(1,2,-1), (0,2,0), (1,1,1)}
a) V= (3,-1,2), B, =1{(0,2,1), (2,2,0), (1,-1,1)}

Bkan = {(17070)7 (07 170)7 (07 07 1)}
1. nadin

V=(3,-1,2)3 =3-(1,2,-1) + (1) - (0,2,0) + 2 - (1,1,1) =
(
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Rjeenje By ={(1,2,-1), (0,2,0), (1,1,1)}
a) V= (3,-1,2), B, =1{(0,2,1), (2,2,0), (1,-1,1)}

Bkan = {(17070)7 (07 170)7 (07 07 1)}
1. nadin

V=(3,-1,2)3 =3-(1,2,-1) + (1) - (0,2,0) + 2 - (1,1,1) =
(5,
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Rjeenje By ={(1,2,-1), (0,2,0), (1,1,1)}
a) V= (3,-1,2), B, =1{(0,2,1), (2,2,0), (1,-1,1)}

Bkan = {(17070)7 (07 170)7 (07 07 1)}
1. nadin

v=(3,-1,2) =3-(1,2, 1)+ (=1)-(0,2,0) + 2 (1,1,1) =
- (57 67
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Rjeenje By ={(1,2,-1), (0,2,0), (1,1,1)}
a) V= (3,-1,2), B, =1{(0,2,1), (2,2,0), (1,-1,1)}

Bkan = {(17070)7 (07 170)7 (07 07 1)}
1. nadin

V=(3,-1,2)3 =3-(1,2,-1) + (1) - (0,2,0) + 2 - (1,1,1) =
~ (5,6, —1)

2/26



Rjeenje By ={(1,2,-1), (0,2,0), (1,1,1)}
a) V= (3,-1,2), B, =1{(0,2,1), (2,2,0), (1,-1,1)}

Bkan = {(17070)7 (07 170)7 (07 07 1)}
1. nadin

V= (3, —1,2)31 =3 (1,2, —].) + (—1) . (0,2,0) +2- (1, 1, 1) =
- (5767 _1)Bkan
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Rjeenje By ={(1,2,-1), (0,2,0), (1,1,1)}
a) V= (3,-1,2), B, =1{(0,2,1), (2,2,0), (1,-1,1)}

Bkan = {(17070)7 (07 170)7 (07 07 1)}
1. nadin

V= (3, —1,2)31 =3 (1,2, —].) + (—1) . (0,2,0) +2- (1, 1, 1) =
- (57 6, _1)Bkan B
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Rjeenje By ={(1,2,-1), (0,2,0), (1,1,1)}
a) V= (3,-1,2), B, =1{(0,2,1), (2,2,0), (1,-1,1)}

Bkan = {(17070)7 (07 170)7 (07 07 1)}
1. nadin

v=(3,-1,2) =3-(1,2, 1)+ (=1)-(0,2,0) + 2 (1,1,1) =
= (5,6, —1)5,_. -~ 5-(1,0,0)
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Rjeenje By ={(1,2,-1), (0,2,0), (1,1,1)}
a) V= (3,-1,2), B, =1{(0,2,1), (2,2,0), (1,-1,1)}

Bkan = {(17070)7 (07 170)7 (07 07 1)}
1. nadin

v=(3,-1,2) =3-(1,2, 1)+ (=1)-(0,2,0) + 2 (1,1,1) =
= (5,6, —1)5_ - 5-(1,0,0) +
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Rjeenje By ={(1,2,-1), (0,2,0), (1,1,1)}
a) V= (37 _172)31 B, = {(0727 1)7 (2a 270)7 (1a -1, 1)}

Bkan = {(17070)7 (07 170)7 (07 07 1)}
1. nadin

V=(3,-1,2)5 =3-(1,2,-1) + (=1) - (0,2,0) + 2 (1,1,1) =
= (5,6, —1)g,, —w 5-(1,0,0) +6-(0,1,0)
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Rjeenje By ={(1,2,-1), (0,2,0), (1,1,1)}
a) V= (37 _172)31 B, = {(0727 1)7 (2a 270)7 (1a -1, 1)}

Bkan = {(17070)7 (07 170)7 (07 07 1)}
1. nadin

V=(3,-1,2)5 =3-(1,2,-1) + (=1) - (0,2,0) + 2 (1,1,1) =
= (5,6, —1)g,, —w 5-(1,0,0) +6-(0,1,0) +
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Rjeenje By ={(1,2,-1), (0,2,0), (1,1,1)}
a) V= (37 _172)31 B, = {(0727 1)7 (2a 270)7 (1a -1, 1)}

Bkan = {(17070)7 (07 170)7 (07 07 1)}
1. nadin

V=(3,-1,2)5 =3-(1,2,-1) + (=1)-(0,2,0) +2- (1,1,1) =
= (5,6, —1)5, =~ 5-(1,0,0) +6-(0,1,0) + (—1) - (0,0,1)
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Rjeenje By ={(1,2,-1), (0,2,0), (1,1,1)}
a) V= (37 _172)31 B, = {(0727 1)7 (2a 270)7 (1a -1, 1)}

Bkan = {(17070)7 (07 170)7 (07 07 1)}
1. nadin

V=(3,-1,2)5 =3-(1,2,-1) + (=1)-(0,2,0) +2- (1,1,1) =
= (5,6, —1)5, =~ 5-(1,0,0) +6-(0,1,0) + (—1) - (0,0,1)

2. nadin
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Rjeenje By ={(1,2,-1), (0,2,0), (1,1,1)}
a) V= (37 _172)31 B, = {(0727 1)7 (2a 270)7 (1a -1, 1)}

Bkan = {(17070)7 (07 170)7 (07 07 1)}
1. nadin

V=(3,-1,2)5 =3-(1,2,-1) + (=1)-(0,2,0) +2- (1,1,1) =
= (5,6, —1)5, =~ 5-(1,0,0) +6-(0,1,0) + (—1) - (0,0,1)

2. nadin

XBkan = MXBI
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Rjeenje By ={(1,2,-1), (0,2,0), (1,1,1)}
a) V= (37 _172)31 B, = {(0727 1)7 (2a 270)7 (1a -1, 1)}

Bkan = {(17070)7 (07 170)7 (07 07 1)}
1. nadin

V=(3,-1,2)5 =3-(1,2,-1) + (=1)-(0,2,0) +2- (1,1,1) =
= (5,6, —1)5, =~ 5-(1,0,0) +6-(0,1,0) + (—1) - (0,0,1)

2. nadin

Xg, = MXs,, Bian —2 By
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Rjeenje By ={(1,2,-1), (0,2,0), (1,1,1)}
a) V= (37 _172)31 B, = {(0727 1)7 (2a 270)7 (1a -1, 1)}

Bkan = {(17070)7 (07 170)7 (07 07 1)}
1. nadin

V=(3,-1,2)5 =3-(1,2,-1) + (=1)-(0,2,0) +2- (1,1,1) =
= (5,6, —1)5, =~ 5-(1,0,0) +6-(0,1,0) + (—1) - (0,0,1)

2. nadin
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Rjeenje By ={(1,2,-1), (0,2,0), (1,1,1)}
a) V= (37 _172)31 B, = {(0727 1)7 (2a 270)7 (1a -1, 1)}

Bkan = {(17070)7 (07 170)7 (07 07 1)}
1. nadin

V=(3,-1,2)5 =3-(1,2,-1) + (=1)-(0,2,0) +2- (1,1,1) =
= (5,6, —1)5, =~ 5-(1,0,0) +6-(0,1,0) + (—1) - (0,0,1)

2. nadin

Xp. = MXg,, Bion —2 By
1

M=12
-1
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Rjesenje

By ={(1,2,-1), (0,2,0), (1,1,1)}
a) V= (3,-1,2)p,

B> ={(0,2,1), (2,2,0), (1,-1,1)}

Bian = {(1,0,0), (0,1,0), (0,0,1)}
1. nadin
v=3,-1,2)5 =3-(1,2,-1) +(-1)-(0,2,0) +2-(1,1,1) =
= (5,6, —1)p,, ~w>5-(1,0,0)+6-(0,1,0) + (—1) - (0,0,1)

2. nadin
Xp. = MXg,, Bion —2 By
1 0
M=12 2
-1 0
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Rjesenje

By ={(1,2,-1), (0,2,0), (1,1,1)}
a) V= (3,-1,2)p,

B> ={(0,2,1), (2,2,0), (1,-1,1)}

Bian = {(1,0,0), (0,1,0), (0,0,1)}
1. nadin
v=3,-1,2)5 =3-(1,2,-1) +(-1)-(0,2,0) +2-(1,1,1) =
= (5,6, —1)p,, ~w>5-(1,0,0)+6-(0,1,0) + (—1) - (0,0,1)

2. nadin
Xp. = MXg,, Bion —2 By
1 01
M=12 21
-1 01
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Rjesenje

By ={(1,2,-1), (0,2,0), (1,1,1)}
a) V= (3,-1,2)p,

B> ={(0,2,1), (2,2,0), (1,-1,1)}

Bian = {(1,0,0), (0,1,0), (0,0,1)}
1. nadin
v=3,-1,2)5 =3-(1,2,-1) +(-1)-(0,2,0) +2-(1,1,1) =
= (5,6, —1)p,, ~w>5-(1,0,0)+6-(0,1,0) + (—1) - (0,0,1)

2. nadin

Xp. = MXg,, Bion —2 By
1 01 3

M=|2 2 1| Xg=|-1
-1 01 2

2/26



Rjesenje

By ={(1,2,-1), (0,2,0), (1,1,1)}
a) V= (3,-1,2)p,

B> ={(0,2,1), (2,2,0), (1,-1,1)}

Bian = {(1,0,0), (0,1,0), (0,0,1)}
1. nadin
v=3,-1,2)5 =3-(1,2,-1) +(-1)-(0,2,0) +2-(1,1,1) =
= (5,6, —1)p,, ~w>5-(1,0,0)+6-(0,1,0) + (—1) - (0,0,1)

2. nadin
Xp. = MXg,, Bion —2 By

1 01 3] Xban =
M=|2 2 1| Xg=]|-1

10 1 2
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Rjesenje

By ={(1,2,-1), (0,2,0), (1,1,1)}
a) V= (3,-1,2)p,

B> ={(0,2,1), (2,2,0), (1,-1,1)}

Bian = {(1,0,0), (0,1,0), (0,0,1)}
1. nadin
v=3,-1,2)5 =3-(1,2,-1) +(-1)-(0,2,0) +2-(1,1,1) =
= (5,6, —1)p,, ~w>5-(1,0,0)+6-(0,1,0) + (—1) - (0,0,1)

2. nadin

Xs = MXs,, Bian —2— By Lo
1 01 3] Xba=|2 21

M=|2 2 1| Xg=|-1 -1 01
10 1 2
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Rjesenje

By ={(1,2,-1), (0,2,0), (1,1,1)}
a) V= (3,-1,2)p,

B> ={(0,2,1), (2,2,0), (1,-1,1)}
Bian = {(1,0,0), (0,1,0), (0,0,1)}

1. nadin

V=(3,-1,2)5 =3-(1,2,-1) + (=1)-(0,2,0) +2- (1,1,1) =
= (5,6, —1)5, =~ 5-(1,0,0) +6-(0,1,0) + (—1) - (0,0,1)

2. nadin
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Rjesenje B, = {(1,27 -1), (0,2,0), (1,1, 1)}
B> ={(0,2,1), (2,2,0), (1,-1,1)}
Bian = {(1,0,0), (0,1,0), (0,0,1)}

a) v=(3,-1,2)3

1. nadin

v=1(3,-1,2)5 =3-(1,2,

-1)+(-1)-(0,2,0)+2-(1,1,1) =
= (5,6, —

1)g, = 5-(1,0,0) 46 (0,1,0) + (—1) - (0,0,1)

Xoan = MXz,, Bian —— B 1 0 1][3 5
L o1 31 Xow=|2 2 1 |-1|=|6

M=|2 2 1| Xg=|-1 -1 0 1f|2 -1
10 1 2
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By = {(1,2,-1), (0,2,0), (1,1,1)}
B> ={(0,2,1), (2,2,0), (1,-1,1)}
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By = {(1,2,-1), (0,2,0), (1,1,1)}
B> ={(0,2,1), (2,2,0), (1,-1,1)}

82—>B]_
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By = {(1,2,-1), (0,2,0), (1,1,1)}
B> ={(0,2,1), (2,2,0), (1,-1,1)}

BQLB]_ T|: :|
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(1,2,-1) =

By = {(1,2,-1), (0,2,0), (1,1,1)}
B> ={(0,2,1), (2,2,0), (1,-1,1)}

BQLB]_ T|: :|
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5)(1,2,-1) = ar - (0,2, 1)

By = {(1,2,-1), (0,2,0), (1,1,1)}
B> ={(0,2,1), (2,2,0), (1,-1,1)}

BQLB]_ T|: :|
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5) (1,2, -1) = a1 - (0,2, 1) +

By = {(1,2,-1), (0,2,0), (1,1,1)}
B> ={(0,2,1), (2,2,0), (1,-1,1)}

BQLB]_ T|: :|
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b) (1727 _1) = oy (Oa 27 1) + Qg (27270)

By = {(1,2,-1), (0,2,0), (1,1,1)}
B> ={(0,2,1), (2,2,0), (1,-1,1)}

BQLB]_ T|: :|
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b) (1727_1) =qQq - (Oa 27 1) + - (27270) +

By = {(1,2,-1), (0,2,0), (1,1,1)}
B> ={(0,2,1), (2,2,0), (1,-1,1)}

BQLB]_ T|: :|
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b) (1727 _1) =qQq - (Oa 27 1) + - (27270) +asz - (17 _17 1)

By = {(1,2,-1), (0,2,0), (1,1,1)}
B> ={(0,2,1), (2,2,0), (1,-1,1)}

BQLB]_ T|: :|
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b) (1727 _1) =qQq - (07 27 1) + - (27270) +asz - (17 _17 1)

205+ a3 =1 B ={(1,2,-1), (0,2,0), (1,1,1)}

B> ={(0,2,1), (2,2,0), (1,-1,1)}

82—>B]_ T =
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b) (1727 _1) =qQq - (07 27 1) + - (27270) +asz - (17 _17 1)

2062—}-043:1

B ={(1,2,-1), (0,2,0), (1,1,1)}
2a1+2a2—a3:2

B> ={(0,2,1), (2,2,0), (1,-1,1)}

82—>B]_ T =
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b)

(1

2

)=

_1) = Q1 (07 27 1) + o - (27270) +asz- (17_171)

2062—}-043:1
2a1+2a2—a3:2

o1+ a3z =—1

By = {(1,2,-1), (0,2,0), (1,1,1)}
B> ={(0,2,1), (2,2,0), (1,-1,1)}

82—>B]_ T =
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b)

(1

2

)=

_1) = Q1 (07 27 1) + o - (27270) +asz- (17_171)

2062—}-043:1
2a1+2a2—a3:2

o1+ a3z =—1

By = {(1,2,-1), (0,2,0), (1,1,1)}
B> ={(0,2,1), (2,2,0), (1,-1,1)}

aq

T
82 e Bl T = (6%
%]
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b)

(1727 _1) =qQq - (07 27 1) + - (27270) +asz - (17 _17 1)

2062—}-043:1

2a1+2a2—a3:2

(0,2,0) =

o1+ a3z =—1

By = {(1,2,-1), (0,2,0), (1,1,1)}
B> ={(0,2,1), (2,2,0), (1,-1,1)}

aq

T
82—>B]_ T = (6%
%]
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b)

(1727 _1) =qQq - (07 27 1) + - (27270) +asz - (17 _17 1)

2062—}-043:1
2a1+2a2—a3:2

o1+ a3z =—1

(0,2,0) =31 -(0,2,1)

By = {(1,2,-1), (0,2,0), (1,1,1)}
B> ={(0,2,1), (2,2,0), (1,-1,1)}

aq

T
82 e Bl T = (6%
%]

3/26



b)

(1727 _1) =qQq - (07 27 1) + - (27270) +asz - (17 _17 1)

2062—}-043:1
2a1+2a2—a3:2

o1+ a3z =—1

(072’0) =pr1- (0,2, ].) +

By = {(1,2,-1), (0,2,0), (1,1,1)}
B> ={(0,2,1), (2,2,0), (1,-1,1)}

aq

T
82—>B]_ T = (6%
%]

3/26



b) (1727 _1) =qQq - (07 27 1) + - (27270) +asz - (17 _17 1)

2062—}-043:1

B ={(1,2,-1), (0,2,0), (1,1,1)}
2a1+2a2—a3:2

B> ={(0,2,1), (2,2,0), (1,-1,1)}
a1+ o3 =—1

(0,2,0) = f1-(0,2,1) + B2+ (2,2,0)

(€3]

T
B, — B; T=|m
(0%
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b) (1727 _1) =qQq - (07 27 1) + - (27270) +asz - (17 _17 1)

2062—}-043:1

B ={(1,2,-1), (0,2,0), (1,1,1)}
2a1+2a2—a3:2

B> ={(0,2,1), (2,2,0), (1,-1,1)}
a1+ o3 =—1

(0,2,0) = f1-(0,2,1) + B2+ (2,2,0) +

(€3]

T
B, — B; T=|m
(0%

3/26



b) (1727 _1) =qQq - (07 27 1) + - (27270) +asz - (17 _17 1)

2062—}-043:1

B ={(1,2,-1), (0,2,0), (1,1,1)}
2a1+2a2—a3:2

B> ={(0,2,1), (2,2,0), (1,-1,1)}
a1+ o3 =—1

(072’0) = Bl ' (07231)_{'52 : (27270)"_53 . (17_171)

(€3]

T
B, — B; T=|m
(0%
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b) (1727 _1) =qQq - (07 27 1) + - (27270) +asz - (17 _17 1)

2062—}-043:1

B ={(1,2,-1), (0,2,0), (1,1,1)}
2a1+2a2—a3:2

B> ={(0,2,1), (2,2,0), (1,-1,1)}
a1+ o3 =—1

(072’0) = Bl ' (07231)_{'52 : (27270)"_53 . (17_171)

28>+ B33=10 a
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f(aa+ Bb) = af(a) + pf(b), «,B€F, a,b,e U
r(f) =dim(Imf), d(f)=dim(Kerf), r(f)+d(f)=dimU

o f:U— V jeinjekcija < d(f)=0
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Zadatak 2
Zadano je preslikavanje h : Mr(R) — R? s

h([i SD — (a+d,a—b+c).

a) Dokazite da je h linearni operator.
b) Odredite jezgru, sliku, rang i defekt operatora h.

c) Odredite matri¢ni zapis operatora h u paru kanonskih baza.
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Zadatak 3
Zadano je preslikavanje f : R* — R? s
fx,y,u,v)=(x+2y —u—v, —x =2y +u+v).

a
b

DokaZite da je f linearni operator.
Odredite jezgru, sliku, rang i defekt operatora f.

)
)

c) Odredite matri¢ni prikaz operatora f u paru kanonskih baza.
)

d) Odredite matri¢ni prikaz operatora f u paru baza

A=1{(1,0,0,0), (1,2,0,0), (1,2,3,0), (1,2,3,4)},
B = {(1,10), (1,11)}.

e) Odredite sliku vektora (1,0, —1,8).
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Domaca zadaca

Zadatak 4

Zadano je preslikavanje f : R3 — R3 definirano s

f(x,y,z) =(x—2y,z, x+y).

a) DokaZite da je f linearni operator.

b) Odredite jezgru, sliku, rang i defekt operatora f.

c) Odredite matri¢ni prikaz operatora f u kanonskoj bazi.
d) Odredite matriéni prikaz operatora f u bazi

B =1{(1,0,0), (1,1,0), (1,1,1)}.

e) Odredite sliku vektora (2,1, —3).
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RjeSenje
b) Kerf ={(0,0,0)}, d(f) =0, Imf =R3, r(f)=3

Baza za Ker f ne postoji jer je jezgra u ovom sluéaju trivijalni

vektorski prostor.
Blmf - {(17 07 0)7 (O’ ]'7 0)7 (O’ 0’ 1)}

Linearni operator f je izomorfizam.

c)

FBkan -

1
0

-2
0

[y

o

1

d) Zadatak rijeSite na dva nacina: bez koristenja matrice prijelaza i

pomocu matrice prijelaza.
1 -1 =2 1
Fg=|-1 -2 -1 T=10
1 2 2 0
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e) 1.nacin (uvrdtavanje u formulu kojom je zadan linearni operator)

£(2,1,-3) = (0,-3,3)

2.nadin YBkan = FBkanXBkan

1 -2 0] [2 0
Y5, =0 0 1[|1]=[-3
1 1 0| -3 3

3.natin Yz = FgXs, Xg=T Xz,

1 -1 -2][1 3
Ya=|-1 -2 1| | 4|=]|-6
1 2 21|-3 3

(3,-6,3)5=3-(1,0,0) +(—6) - (1,1,0) +3-(1,1,1) = (0,-3,3)5,,
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