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Zadatak 1

Odredite jednadžbu normale na graf funkcije y =
√
8x2 + 4 u točki T

na grafu s apscisom 2. Odredite povřsinu trokuta kojeg normala u

točki T zatvara s koordinatnim osima.

Rješenje

• Jednadžba normale na graf funkcije y = f (x) u točki T (x0, y0)

n . . . y − y0 = kn · (x − x0)

• Pritom je y0 = f (x0), kn = − 1

kt
, kt = f ′(x0).
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• Znamo da je x0 = 2.

y0 =
√
8 · 22 + 4 =

√
36 = 6

Točka: T (2, 6)

• Derivacija funkcije

y ′ =
1

2
√
8x2 + 4

·
(
8x2 + 4

)′
=

1

2
√
8x2 + 4

· 16x =
8x√

8x2 + 4

• Koeficijent smjera tangente

kt = y ′(2) =
8 · 2√

8 · 22 + 4
=

16

6
=

8

3

y =
√
8x2 + 4

(√
nešto

)′
=

1

2
√
nešto

· (nešto)′ (
√
x )′ =

1

2
√
x
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• Koeficijent smjera normale

kn = − 1

kt
= − 1

8
3

= −3

8

• Jednadžba normale

y − y0 = kn · (x − x0)

y − 6 = −3

8
· (x − 2)

y − 6 = −3

8
x +

3

4

y = −3

8
x +

3

4
+ 6

y = −3

8
x +

27

4

kt =
8

3

x0 = 2

y0 = 6

kn = −3

8
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Segmentni oblik jednadžbe normale

y = −3

8
x +

27

4

3

8
x + y =

27

4

/
· 8

3x + 8y = 54
/
: 54

3x

54
+

8y

54
= 1

x

18
+

4y

27
= 1

x

18
+

y
27
4

= 1
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Zadatak 2

Odredite četvrtu derivaciju funkcije f (x) = ln (3x + 1).

Rješenje

• Prva derivacija

f ′(x) =
1

3x + 1
· (3x + 1)′ =

1

3x + 1
· 3 =

3

3x + 1

f ′(x) = 3 · (3x + 1)−1

• Druga derivacija

f ′′(x) = 3 · (−1) · (3x + 1)−2 · (3x + 1)′ = −3 · (3x + 1)−2 · 3

f ′′(x) = −9 · (3x + 1)−2

(
ln (nešto)

)′
=

1

nešto
· (nešto)′ (ln x)′ =

1

x

(
(nešto)n

)′
= n(nešto)n−1 · (nešto)′ (xn)′ = nxn−1
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• Treća derivacija

f ′′′(x) = −9 · (−2) · (3x + 1)−3 · (3x + 1)′ = 18 · (3x + 1)−3 · 3

f ′′′(x) = 54 · (3x + 1)−3

• Četvrta derivacija

f (4)(x) = 54 · (−3) · (3x + 1)−4 · (3x + 1)′ = −162 · (3x + 1)−4 · 3

f (4)(x) = −486 · (3x + 1)−4

f ′′(x) = −9 · (3x + 1)−2

(
(nešto)n

)′
= n(nešto)n−1 · (nešto)′ (xn)′ = nxn−1

f (n)(x) =
(
f (n−1)(x)

)′
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Zadatak 3

Odredite derivaciju funkcije y = y(x) zadane implicitno s yey = ex+1.

Rješenje

yey = ex+1
/

d
dx

y ′ · ey + y · (ey )′ = ex+1 · (x + 1)′

y ′ey + y · eyy ′ = ex+1 · 1
y ′(ey + yey ) = ex+1

y ′ =
ex+1

ey + yey

y ′ =
ex+1

(1 + y)ey

y ′ =
ex−y+1

1 + y

y ′ =
dy

dx

(uv)′(x) = u′(x) · v(x) + u(x) · v ′(x)

(
enešto

)′
= enešto · (nešto)′

(ex)′ = ex

an

am
= an−m
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Zadatak 4

Odredite derivaciju funkcije y = y(x) zadane implicitno s

y 2 = cos 3x + ln
y

x
.

9 / 21

Rješenje

y 2 = cos 3x + ln
y

x

/
d

dx

2yy ′ = −sin 3x · (3x)′ + 1
y

x

·
(y
x

)′

2yy ′ = −3 sin 3x +
x

y
· y

′x − y · 1
x2

2yy ′ = −3 sin 3x +
y ′x − y

xy

/
· xy

2xy 2y ′ = −3xy sin 3x + y ′x − y

2xy 2y ′ − xy ′ = −3xy sin 3x − y
(
2xy 2 − x

)
y ′ = −3xy sin 3x − y

y ′ =
dy

dx

y ′ =
−3xy sin 3x − y

2xy 2 − x
· −1

−1

y ′ =
3xy sin 3x + y

x − 2xy 2

(u
v

)′
(x) =

u′(x) · v(x)− u(x) · v ′(x)

v(x)2

(
(nešto)n

)′
= n(nešto)n−1 · (nešto)′

(xn)′ = nxn−1

(
cos (nešto)

)′
= − sin (nešto) · (nešto)′

(cos x)′ = − sin x

(
ln (nešto)

)′
=

1

nešto
· (nešto)′

(ln x)′ = 1
x
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Zadatak 5

Odredite derivaciju funkcije y =
(
x + tg2 x

)ctg x
.

Rješenje

y =
(
x + tg2 x

)ctg x/
ln

ln y = ln
(
x + tg2 x

)ctg x

ln y = ctg x · ln
(
x + tg2 x

)/
d
dx

1

y
· y ′ = (ctg x)′ · ln

(
x + tg2 x

)
+ ctg x ·

(
ln
(
x + tg2 x

))′

y ′

y
=

−1

sin2 x
· ln

(
x + tg2 x

)
+ ctg x · 1

x + tg2 x
·
(
x + tg2 x

)′

y ′

y
= − ln

(
x + tg2 x

)

sin2 x
+

ctg x

x + tg2 x
·
(
1 + 2 tg x · (tg x)′

)

(uv)′(x) = u′(x) · v(x) + u(x) · v ′(x)

(xn)′ = nxn−1

loga x
k = k loga x (ln x)′ = 1

x
(ctg x)′ = − 1

sin2 x

(
ln (nešto)

)′
=

1

nešto
· (nešto)′

(
(nešto)n

)′
= n(nešto)n−1 · (nešto)′

tg2 x = (tg x)2
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y ′

y
= − ln

(
x + tg2 x

)

sin2 x
+

ctg x

x + tg2 x
·
(
1 + 2 tg x · (tg x)′

)

y ′

y
= − ln

(
x + tg2 x

)

sin2 x
+

ctg x

x + tg2 x
·
(
1 +

2 tg x

cos2 x

)/
· y

y ′ =

[
ctg x

x + tg2 x
·
(
1 +

2 tg x

cos2 x

)
− ln

(
x + tg2 x

)

sin2 x

]
· y

y ′ =

[
ctg x

x + tg2 x
·
(
1 +

2 tg x

cos2 x

)
− ln

(
x + tg2 x

)

sin2 x

]
·
(
x + tg2 x

)ctg x

(tg x)′ = 1
cos2 x

y =
(
x + tg2 x

)ctg x
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Zadatak 6

Odredite derivaciju funkcije

y =

√
x + 2

3√x + 1 · (x + 3)5
.

Rješenje

• Funkciju možemo derivirati direktno koristeći pravila za derivaciju

kvocijenta, produkta i složene funkcije.

• Medutim, u ovom slučaju logaritamska derivacija znatno olakšava

postupak deriviranja.
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y =

√
x + 2

3√x + 1 · (x + 3)5

y =
(x + 2)

1
2

(x + 1)
1
3 · (x + 3)5

/
ln

ln y = ln
(x + 2)

1
2

(x + 1)
1
3 · (x + 3)5

ln y = ln (x + 2)
1
2 − ln

(
(x + 1)

1
3 · (x + 3)5

)

ln y = ln (x + 2)
1
2 − ln (x + 1)

1
3 − ln (x + 3)5

ln y =
1

2
ln (x + 2)− 1

3
ln (x + 1)− 5 ln (x + 3)

/
d

dx

n√xm = x
m
n

loga
x

y
= loga x − loga y

loga (xy) = loga x + loga y

loga x
k = k loga x
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ln y =
1

2
ln (x + 2)− 1

3
ln (x + 1)− 5 ln (x + 3)

/
d

dx

1

y
· y ′ =

1

2
· 1

x + 2
· (x + 2)′ − 1

3
· 1

x + 1
· (x + 1)′ − 5 · 1

x + 3
· (x + 3)′

y ′

y
=

1

2x + 4
− 1

3x + 3
− 5

x + 3

/
· y

y ′ =

(
1

2x + 4
− 1

3x + 3
− 5

x + 3

)
· y

y ′ =

(
1

2x + 4
− 1

3x + 3
− 5

x + 3

)
·

√
x + 2

3√x + 1 · (x + 3)5

= 1 = 1 = 1

(
ln (nešto)

)′
=

1

nešto
· (nešto)′(ln x)′ = 1

x

y =

√
x + 2

3√x + 1 · (x + 3)5
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Zadatak 7

Odredite jednadžbu tangente i normale na krivulju

ln (xy) = x3y 3 − 1

u točki T (1, 1).

Rješenje

• Jednadžba tangente na graf funkcije y = f (x) u točki T0(x0, y0)

t . . . y − y0 = kt · (x − x0)

• Jednadžba normale na graf funkcije y = f (x) u točki T (x0, y0)

n . . . y − y0 = kn · (x − x0)

• Pritom je y0 = f (x0), kt = f ′(x0), kn = − 1

kt
.

Funkcija y = y(x) je zadana implicitno

x0 y0

ln (1 · 1) = 13 · 13 − 1 0 = 0

zadana točka

pripada krivulji
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ln (xy) = x3y 3 − 1
/

d
dx

1

xy
· (xy)′ = 3x2 · y 3 + x3 · 3y 2 · y ′ − 0

1 · y + xy ′

xy
= 3x2y 3 + 3x3y 2y ′

/
· xy

y + xy ′ = 3x3y 4 + 3x4y 3y ′

xy ′ − 3x4y 3y ′ = 3x3y 4 − y
(
x − 3x4y 3

)
y ′ = 3x3y 4 − y

y ′ =
3x3y 4 − y

x − 3x4y 3

(uv)′(x) = u′(x) · v(x) + u(x) · v ′(x)

(
ln (nešto)

)′
=

1

nešto
· (nešto)′ (ln x)′ = 1

x

(
(nešto)n

)′
= n(nešto)n−1 · (nešto)′

(xn)′ = nxn−1

T (1, 1)
x0 y0

y ′(x) =
3x3y(x)4 − y(x)

x − 3x4y(x)3

kt = y ′(x0) =
3x30y

4
0 − y0

x0 − 3x40y
3
0

kt = y ′(1) =
3 · 13 · 14 − 1

1− 3 · 14 · 13 =
2

−2

kt = −1 kn = 1

kn = − 1

kt
= − 1

−1
= 1

y0 = y(x0)
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• Jednadžba tangente
y − y0 = kt · (x − x0)

y − 1 = −1 · (x − 1)

y − 1 = −x + 1

t . . . y = −x + 2

• Jednadžba normale
y − y0 = kn · (x − x0)

y − 1 = 1 · (x − 1)

y − 1 = x − 1

n . . . y = x

x0 = 1 y0 = 1 kt = −1 kn = 1
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−4 −3 −2 −1 1 2 3 4

−3

−2

−1

1

2

3
y = −x + 2 y = x

x

y

ln (xy) = x3y 3 − 1
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x x +∆x

f (x)

f (x +∆x)

t

α

∆y

∆x = dx

dy

Diferencijal funkcije

y = f (x)

f ′(x) = tgα =
dy

dx

za male ∆x

∆y = f (x +∆x)− f (x), dy = f ′(x) dx , ∆y ≈ dy

f (x +∆x) ≈ f (x) + f ′(x) dx

x

y
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Zadatak 8

Pomoću diferencijala približno izračunajte
√
6.263.

Rješenje

• f (x) =
√
x3 = x

3
2 , f ′(x) =

3

2
x

1
2 =

3

2

√
x

• x0 = 6.25, dx = 0.01, x0 + dx = 6.26

• f (x0) = f (6.25) =
√
6.253 =

√
6.25

3
= 2.53 = 15.625

• f ′(x0) = f ′(6.25) =
3

2

√
6.25 = 1.5 · 2.5 = 3.75

f (6.26) ≈ f (6.25) + f ′(6.25) · 0.01
f (6.26) ≈ 15.625 + 3.75 · 0.01
f (6.26) ≈ 15.6625

√
6.263 ≈ 15.6625

√
6.263 = 15.662514996002 · · ·

f (x0 + dx) ≈ f (x0) + f ′(x0) dx

√
6.233 ≈ ???

Domaća

zadaća

(xn)′ = nxn−1
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